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Abstract
The purpose of this article is to introduce and investigate properties of a
tool (the a-hyperbolic rank) which enables us to obtain new examples of ho-
mogeneous spaces G/H which admit and do not admit a discontinuous action
of a non virtually-abelian discrete subgroup. We achieve this goal by exploring
in greater detail the technique of adjoint orbits developed by Okuda combined
with the well-known conditions of Benoist. We find easy-to-check conditions
on G and H expressed directly in terms of the Satake diagrams of the corre-
sponding Lie algebras, in cases when G is a real form of a complex Lie group of
type An, D2k+1 or E6. One of the advantages of this approach is the fact, that
we don’t need to know the embedding of H into G. Using the a-hyperbolic rank
we also show, that the homogeneous space E6
IV/H of reductive type admits a
discontinuous action of a non virtually abelian discrete subgroup if and only if
H is compact. Also, inspired by the work of Okuda on symmetric spaces G/H
we find a list of simply connected 3-symmetric spaces admitting a discontinu-
ous action of a non virtually-abelian discrete subgroup. This list yields almost
complete classification of such spaces (there is one exception).
1 Introduction
Let G/H be a homogeneous space of a connected semisimple real linear Lie group
G. We are interested in the situation when there exists a discrete and not virtually-
abelian subgroup Γ ⊂ G acting discontinuously on G/H . We say that G/H admits
a compact Clifford-Klein form, if there exists a discrete subgroup Γ ⊂ G acting
discontinuously on G/H and with compact quotient Γ \ G/H . It is known that if
G/H admits compact Clifford-Klein forms, it necessarily admits discontinuous action
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of non virtually-abelian discrete subgroup (but not vice versa). The problem of the
existence of Clifford-Klein forms is very important in several research areas. It is not
our intention here to describe the whole topic, therefore, we refer to the excellent
survey [9] and papers [11, 12].
The purpose of this note is to demonstrate a simple way of checking when certain
types of homogenous spaces G/H admit or do not admit discontinuous actions of
non virtually-abelian subgroups. Our method is based on a more detailed exploration
of the technique of adjoint orbits from [17], together with the well-known sufficient
condition of Benoist [1] . It yields simple conditions for the existence and the non-
existence of such actions expressed in terms of the a-hyperbolic rank, which depends
on the Satake diagrams of real Lie algebras g and h. As a consequence we get new
examples of homogeneous spaces G/H which admit discontinuous actions of non
virtually-abelian discrete subgroups as well as of G/H which do not. Our main
result is stated in Theorem 8. Although this theorem gives only sufficient conditions,
it resolves the problem of existence of discontinuous actions of non virtually-abelian
subgroups in vast classes of examples. As an application we give a list of all simple
and connected real 3-symmetric spaces (i.e. homogeneous spaces G/H generated by
automorphisms of order 3 of a simple and connected real Lie group G) admitting
such actions (Table 2) with one exception. Our method does not work for M =
SO(2k + 1, 2k + 1)/(U(1, 1) × SO(2k − 1, 2k − 1)). Recall that Okuda classified
symmetric spaces with this property in [17]. Generalized symmetric spaces constitute
a large class of homogeneous spaces whose properties are relatively close to the
properties of symmetric spaces (see [3], [13]). Therefore, it is natural to extend
results from [17] onto this class.
Our methods are based on the Lie group theory. We refer to [8], [7] and [18] and use
facts from these sources without further explanations. Our notation and terminology
is close to [18].
Acknowledgment. We would like to especially thank the anonymous referee for
very useful suggestions and indicating many inaccuracies. We would like to also thank
him/her for pointing out, that one of the assumptions in Theorem 8 can be dropped.
The authors thank Andrei Rapinchuk and Dave Witte-Morris for answering their
questions. The second author acknowledges partial support of the ESF Research
Network "Contact and Symplectic Topology" (CAST).
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2 a-hyperbolic rank
By the a-hyperbolic rank we will understand a dimension of a specific convex cone
defined by the action of the Weyl group of a semisimple Lie group G.
Let V be a real vector space of dimension n. Choose a set of linearly independent
vectors B ⊂ V. A convex cone A+ is a subset of V generated by all linear combina-
tions with non-negative coefficients A+ := Span+(B). The cardinality of B is the
dimension of the convex cone A+. In the sequel we will use the simple observation
that for any linear automorphism f : V → V, such that f(A+) = A+, the set of fixed
points of f in A+ is a convex cone.
Lemma 1. Let V1, ..., Vn be a collection of vector subspaces of V and let A
+ be a
convex cone. Assume that
A+ ⊂
n⋃
k=1
Vk.
Then there exists a number k, such that A+ ⊂ Vk.
2.1 Antipodal hyperbolic orbits
In this section we are interested in antipodal hyperbolic orbits in absolutely simple
Lie algebras. Let G be a real, connected and absolutely simple linear Lie group with
a Lie algebra g. We say that an element X ∈ g is hyperbolic, if X is semisimple (that
is, adX is diagonalizable) and all eigenvalues of adX are real.
Definition 1. An adjoint orbit OX := Ad(G)(X) is said to be hyperbolic if X (and
therefore every element of OX) is hyperbolic. An orbit OY is antipodal if −Y ∈ OY
(and therefore for every Z ∈ OY , −Z ∈ OY ).
We begin with a brief description of an effective way of classifying antipodal hyper-
bolic orbits in gC and in g. For a more detailed treatment of this subject please refer
to [17]. Fix a Cartan subalgebra jC of gC. Let ∆ = ∆(gC, jC), be the root system of
gC with respect to jC. Consider the subalgebra
j := {X ∈ jC |∀α∈∆, α(X) ∈ R},
which is a real form of jC. Choose a subsystem ∆+ of positive roots in ∆. Then
j+ := {X ∈ j |∀α∈∆+ , α(X) ≥ 0}
is the closed Weyl chamber for the Weyl group WgC of ∆.
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Lemma 2 (Fact 6.1 in [17]). Every hyperbolic orbit in gC meets j in a single WgC-
orbit. In particular there is a bijective correspondence between hyperbolic orbits OX
and elements X of j+.
Let Π be a simple root system for ∆+. For every X ∈ j we define
ΨX : Π→ R, α→ α(X).
The above map is called the weighted Dynkin diagram of X ∈ j, and the value α(X)
is the weight of the node α. Since Π is a base of the dual space j∗, the map
Ψ : j→ Map(Π,R), X → ΨX
is an linear isomorphism. We see, that:
Ψ|j+ : j
+ → Map(Π,R≥0), X → ΨX
is bijective. We also need a tool, that will enable us to distinguish antipodal hyper-
bolic orbits. Let w0 be the longest element of WgC . The action of w0 sends j
+ to −j+.
Define:
−w0 : j→ j, X 7→ −(w0X).
This is an involutive automorphism of j, which preserves j+. Then Ψ and −w0 induce
the linear automorphism ι = Ψ ◦ (−w0) ◦Ψ
−1 of Map(Π,R).
Theorem 1 (Theorem 6.3 in [17]). Hyperbolic orbit O in gC is antipodal if and only
if the weighted Dynkin diagram of O is invariant with respect to ι.
The involutive automorphism ι is non-trivial only for gC of type An, D2k+1, E6, for
n, k ≥ 2. In such cases the form of ι is described in Theorem 6.3 (ii) in [17].
Now we should investigate which hyperbolic orbits in gC meet g. Choose a Cartan
involution θ of g, and the corresponding Cartan decomposition
g = k+ p.
There exists a Cartan subalgebra jg = t + a of g for which a is a maximal abelian
subalgebra of p, and t is in the centralizer Zk(a) (such subalgebra is called split).
Notice that
jC = jg + ijg
and
j = it+ a.
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Consider
Σ := {α|a | α ∈ ∆} \ {0} ⊂ a
∗,
the restricted root system of g with respect to a. The set of positive roots has the
form
Σ+ := {α|a | α ∈ ∆
+} \ {0}.
Define
a+ := {X ∈ a |∀ξ∈Σ+, ξ(X) ≥ 0}.
We have a+ = j+ ∩ a.
Theorem 2 (Lemma 7.2 and Proposition 4.5 in [17]). Hyperbolic orbit OX = Ad(G
C)(X)
in gC meets g if and only if the corresponding, unique element X ∈ j+ is also in a+.
Also
Ad(G)(X) = OX ∩ g,
and every hyperbolic orbit in g is obtained this way.
We see that ι(a+) = a+ therefore we can define the convex cone
b+ ⊂ a+
as the set of all fixed points of ι in a+.
For a semisimple g we will take b+ to be the convex cone spanned by vectors gener-
ating convex cones b+s , defined for every simple component s of g (we can perform
such construction, since the Cartan involution θ never maps a nonzero vector X to
a vector orthogonal to X with respect to the Killing form of the semisimple algebra
g). If g is reductive we take b+ obtained by the described procedure applied to [g, g].
Definition 2. The dimension of a+ is called the real rank (rankRg) of g. The dimen-
sion of b+ is called the a-hyperbolic rank of g and is denoted by ranka−hypg.
By Lemma 2, Theorem 1 and Theorem 2 we have:
Lemma 3. There is a bijective correspondence between antipodal hyperbolic orbits
OX in g and elements X ∈ b
+. One also has
OX = Ad(G)(X).
In what follows we will use the notion of the Satake diagram. Let us recall this
construction. Choose the Cartan decomposition as above. Let θ : g → g be the
Cartan involution defined as before. Recall that all our constructions are performed
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with respect to j and jC. Consider the complex conjugation σ : gC → gC. As usual
we get the root space decomposition
gC = jC +
∑
α∈∆
gα.
Define the involution σ∗ on (jC)∗ by the formula
(σ∗ϕ)(X) = ϕ(σ(X)),
for each ϕ ∈ (jC)∗ and X ∈ jC If α ∈ ∆, then σ∗α ∈ ∆, and σgα = gσ∗α. Put
∆0 = {α ∈ ∆ | σ
∗α = −α}. One easily checks that
∆0 = {α ∈ ∆ |α|a = 0}.
Put ∆1 = ∆ \ ∆0. A direct check-up shows that σ
∗(∆0) ⊂ ∆0, and σ
∗(∆1) = ∆1.
Choose an order in ∆ in a way that σ∗(∆+1 ) ⊂ ∆
+
1 . Put Π0 = Π∩∆0 and Π1 = Π∩∆1.
Recall that the Satake diagram for g is defined as follows. One takes the Dynkin
diagram for gC and paints vertexes from Π0 in black and vertexes from Π1 in white.
Next, one shows that σ∗ determines an involution σ˜ on Π1 defined by the equation
σ∗α− β =
∑
γ∈Π0
kγγ, kγ ≥ 0.
By definition, if the above equality holds for α and β, then σ˜α = β. Now the
construction of the Satake diagram is completed by joining by arrows the white
vertexes transformed into each other by σ˜. Recall that semisimple real Lie algebras
are uniquely determined by their Satake diagrams up to isomorphism. The table of
the Satake diagrams for all real forms of simple complex Lie algebras can be found
in [18].
In order to calculate the a-hyperbolic rank we need the following definition and
theorems (compare Definition 7.3 in [17])
Definition 3. Let ΨX ∈ Map(Π,R) be the weighted Dynkin diagram of g
C and Sg
be the Satake diagram of g. We say that ΨX matches Sg if all black nodes in Sg have
weights equal to 0 in ΨX and every two nodes joined by an arrow have the same
weights.
Theorem 3 (Theorem 7.4 in [17]). The weighted Dynkin diagram ΨX ∈ Map(Π,R≥0)
of a hyperbolic orbit O in gC matches Sg if and only if O meets g. There is also a
bijective correspondence between elements matching Sg of Map(Π,R≥0) and the set
of hyperbolic orbits meeting g.
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Theorem 4 (Theorem 7.5 in [17]). The map Ψ : j → Map(Π,R) induces the linear
isomorphism:
a→ {ΨX matches Sg}, X 7→ ΨX
The procedure of calculating the a-hyperbolic rank is a straightforward consequence
of the cited results and looks as follows.
Step 1. We calculate the a-hyperbolic rank separately for every simple part of g
and add results. If g is reductive, than to get the a-hyperbolic rank of g we take the
a-hyperbolic rank of [g, g].
Step 2. We calculate the a-hyperbolic rank for simple g (rankg = n) by taking the
weighted Dynkin diagrams of hyperbolic orbits in gC matching Sg and preserved by ι.
We interpret weights of a given weighted Dynkin diagram as coordinates of a vector
in Rn. All vectors constructed this way give us the convex cone which has dimension
equal to ranka−hypg.
Example 1. We will show how to calculate the a-hyperbolic rank of g = eIV6 . We
take the weighted Dynkin diagram of eC6 and check how ι acts on it
a
◦
b
◦
c
◦
d
◦
e
◦
◦
f
ι
7→
e
◦
d
◦
c
◦
b
◦
a
◦
◦
f
where a, b, c, d, e, f ≥ 0. Next take the Satake diagram of eIV6
◦ • • • ◦
•
According to Definition 3 the weighted Dynkin diagram of eC6 matches the Satake
diagram of eIV6 if and only if it is of the form:
a
◦
0
◦
0
◦
0
◦
e
◦
◦
0
Moreover, the above diagram is preserved by ι if and only if a = e. Hence we obtain
the following weighted Dynkin diagram:
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a
◦
0
◦
0
◦
0
◦
a
◦
◦
0
Therefore b+ has a dimension equal to the dimension of Span+((1, 0, 0, 0, 1, 0)). Thus
ranka−hype
IV
6 = 1.
Using the described procedure we get the following table of a-hyperbolic ranks which
are not equal to the real ranks of the corresponding Lie algebras.
Table 1. A-HYPERBOLIC RANK
g a-hyperbolic rank rankRg
sl(2k,R) k 2k-1
k ≥ 1
sl(2k + 1,R) k 2k
k ≥ 1
su∗(4k) k 2k-1
k ≥ 1
su∗(4k + 2) k 2k
k ≥ 1
so(2k + 1, 2k + 1) 2k 2k+1
k ≥ 2
eI
6
4 6
eIV6 1 2
Table 1: This table contains all real forms of simple Lie algebras gC, for which
rankRg 6= ranka−hypg.
We also need the following fact.
Theorem 5 (Facts 5.1 and 5.3 in [17]). Let O be an antipodal hyperbolic orbit in g
and Wg be the Weyl group of g. Then O ∩ a is a single Wg-orbit in a.
2.2 Discontinuous actions of non virtually-abelian discrete
subgroups
Let G be a linear, connected, semisimple, real Lie group with Lie algebra g and
H ⊂ G be a closed and connected subgroup. Also, let h be the Lie algebra of H and
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Wg be the Weyl group of g.
Definition 4. The subgroup H is reductive in G if h is reductive in g, that is,
there exists a Cartan involution θ for which θ(h) = h. The space G/H is called the
homogeneous space of reductive type. Moreover, in this setting the Lie algebra h is
reductive (which means that it is a sum of its center and the semisimple part [h, h]).
The Lie subalgebra h is reductive in g, therefore we can choose a Cartan involution
θ of g preserving h. We obtain the Iwasawa decomposition
h = kh + ah + nh
which is compatible with the decomposition g = k + a + n (that is kh ⊂ k, ah ⊂ a
and nh ⊂ n). Y. Benoist in [1] gave the following characterization of homogeneous
spaces G/H which admit a discontinuous action of a non virtually abelian subgroup
Γ ⊂ G.
Theorem 6 (Theorem 1 in [1]). The group G contains a discrete and non virtually
abelian subgroup Γ which acts discontinuously on G/H if and only if for every w in
Wg, w · ah does not contain b
+. Also one can choose Γ to be Zariski dense in G.
In this section we will show an effective way of determining if such action exists. Let
gC be a complexification of g and assume that a subalgebra h ⊂ g is reductive in g.
Since the subalgebra h is reductive we have
h = z(h) + [h, h],
Let b+[h,h] be the convex cone constructed according to the procedure described in the
previous subsection (for [h, h]). We will also need the following lemma.
Lemma 4. Let X ∈ b+[h,h]. The orbit O
g
X := Ad(G)(X) is an antipodal hyperbolic
orbit in g.
Proof. The vector X defines an antipodal hyperbolic orbit in h. Therefore we can
find h ∈ H ⊂ G such that Adh(X) = −X. Since for the decomposition (defined by
the Cartan involution θ)
g = k+ a+ n
the space a consists of vectors for which ad is diagonalizable with real values and
X ∈ b+[h,h] ⊂ ah ⊂ a, therefore, vector X is hyperbolic in g. Thus Ad(G)(X) is a
hyperbolic orbit in g and −X ∈ Ad(G)(X).
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2.3 Main result
Now we are ready to state the main result of this work. It can be considered as an
important supplement to the celebrated Kobayashi’s theorem concerning discontin-
uous actions of discrete subgroups. The latter is cited below (recall once more that
we assume all Lie groups to be linear).
Theorem 7 (Corollary 4.4 in [11]). For a homogeneous space G/H of reductive type,
the following conditions are equivalent:
1. G/H admits a discontinuous action of an infinite discrete subgroup Γ of G;
2. rankRg > rankRh.
Our main result is the following theorem.
Theorem 8. Let G be a connected and semisimple linear Lie group and H a reductive
subgroup with a finite number of connected components. Let g and h denote the
appropriate Lie algebras. Then
1. If ranka−hypg = ranka−hyph then G/H does not admit discontinuous actions of
non virtually-abelian discrete subgroups (and, therefore, compact Clifford-Klein
forms).
2. If ranka−hypg > rankRh then G/H admits a discontinuous action of a non
virtually-abelian discrete subgroup.
Proof. Let us begin with the proof of the first claim of the theorem. By Theorem
6, the non-existence of a discontinuous action of a non virtually-abelian discrete
subgroup for G/H can be reformulated as the following sequence of the equivalent
conditions:
1. b+ ⊂ w · ah for some w ∈ Wg,
2. Span(b+) ⊂ w · ah for some w ∈ Wg,
3. w−1 · Span(b+) ⊂ ah for some w ∈ Wg.
Here is the proof of their equivalence. The first two are equivalent, because if a vector
space contains B then it also contains Span(B). The equivalence of the second and
the third condition is straightforward.
Taking into consideration the above equivalences, one reformulates the condition in
Theorem 6 as follows: for every w in Wg the space w · Span(b
+) is not contained
in ah. According to Lemma 3 and Lemma 4 the orbit Ad(G)(X) for X ∈ b
+
[h,h] ⊂ a
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is an antipodal hyperbolic orbit. Therefore we can find Y ∈ b+ ⊂ a such that
Ad(G)(X) = Ad(G)(Y ). Theorem 5 implies that X, Y are in a certain Wg-orbit in a,
that is X = w · Y for some w ∈ Wg. We shall prove that such w ∈ Wg can be taken
independently from the choice of X ∈ b+[h,h]. We have
b+[h,h] ⊂Wg · b
+ =
⋃
w∈Wg
w · b+.
Since b+ ⊂ Span(b+) we obtain
b+[h,h] ⊂Wg · Span(b
+) ⊂ a.
Taking into consideration Lemma 1 we get the inclusion
b+[h,h] ⊂ w · Span(b
+), (1)
for some w ∈ Wg. Since the a-hyperbolic ranks are equal one has the equality
dim b+[h,h] = dim Span(b
+).
Since w is an automorphism one obtains
Span(b+[h,h]) = w · Span(b
+),
which implies
w · Span(b+) = Span(b+[h,h]) ⊂ ah.
The second claim is also straightforward. Every element w ∈ Wg acts on a by linear
transformations, and, therefore, preserves the dimension n of the subspace ah ⊂ a.
Our assumption implies that b+ contains subset of more than n linearly independent
vectors, therefore b+ can not be a subset of linear subspace w · ah ⊂ a (for any w).
The following remarks seem to be in order. The celebrated Calabi-Marcus phe-
nomenon settled by Kobayashi states that G/H does not admit infinite discontinuous
group if and only of
• rankRG = rankRH (A).
Theorem 8 states that G/H does not admit non virtually abelian discontinuous group
if
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• ranka−hypG = ranka−hypH (B).
Conversely, non virtually abelian discontinuous groups exist for G/H if
• ranka−hypG > rankRH (C).
Thus, it would be interesting to understand to what extent conditions (A),(B) and
(C) together are close to a criterion. Notice that the first condition in Theorem 8
(that is, condition (B)) is not necessary for the non-existence of discontinuous groups
that are non virtually abelian. Consider the following examples.
Example 2. For G = SL(10,R) and H = SO(5, 5) we have
ranka−hypg = 5 > 4 = ranka−hyph,
and also rankRG = 9 > rankRH = 5. By the results of Benoist (see Example 1 in
[1]) G/H does not admit actions of non virtually-abelian discontinuous groups, but
none of the conditions (A) or (B) is satisfied.
Example 3. For G = SL(10,R) and H = SL(3,R)× SL(7,R) we have
ranka−hypg = 5 > 4 = 1 + 3 = ranka−hyph,
and G/H admits actions of non virtually-abelian discontinuous groups (see Example
2 in [1]). Notice that the condition (C) is not satisfied since rankRh = 8.
3 New examples
Let G be a semisimple, linear Lie group with Lie algebra g and H ⊂ G a closed
subgroup with Lie algebra h.
Theorem 9 ([19]). If H is semisimple then H is reductive in G.
Corollary 1. If ranka−hyph = ranka−hypg for semisimple H then G/H does not ad-
mit a discontinuous action of a non virtually-abelian discrete subgroup. If rankRh <
ranka−hypg then G/H admits a discontinuous action of a non virtually-abelian dis-
crete subgroup.
Theorem 10 ([15]). If Gn ⊂ Gn−1 ⊂ ... ⊂ G0 and Gi/Gi−1 is of reductive type (for
1 ≤ i ≤ n) then G0/Gn is a homogeneous space of reductive type.
Corollary 2. If 0 < ranka−hypgn = ranka−hypg0, then Gi/Gj does not admit compact
Clifford-Klein forms for i < j. If rankRgj < ranka−hypgi then Gi/Gj admits a
discontinuous action of a non virtually-abelian discrete subgroup.
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The following examples are obtained by calculating the a-hyperbolic ranks of the
corresponding g and h (according to Table 1).
Example 4. The following homogeneous spaces do not admit compact Clifford-Klein
forms:
SL(4k + 2l,R)/SO(2k, 2k)× Sp(l,R);
SL(2k + 2l,R)/Sp(k,R)× Sp(l,R);
SL(4k + 4l,R)/SO(2k, 2k)× SO(2l, 2l);
SL(4k + 2l + 1,R)/SO(2k, 2k)× SO(l, l + 1);
SU∗(4k + 2)/U(s, r − s)× Sp(t, 2k + 1− r − t), for s+ t = k + 1, 1 ≤ r ≤ 2k + 1;
SU∗(4k)/U(s, r − s)× Sp(t, 2k + 1− r − t), for s+ t = k, 1 ≤ r ≤ 2k.
Example 5. The following homogeneous spaces admit a discontinuous action of a
non virtually-abelian discrete subgroup:
SL(2k + 2l + 2,R)/SO(k, k + 1)× SO(l, l + 1);
SL(2k + 2l + 2,R)/SO(k, k)× SO(l, l);
EI6/{SL(3,C)× SU(2, 1)}/Z3
Note that we use the notation EI6 for the simply connected real Lie group corre-
sponding to the Lie algebra eI6.
The a-hyperbolic rank gives us also an easy way of determining if a subalgebra h ⊂ g
can determine a closed, reductive subgroup H in G.
Lemma 5. If H is closed and reductive subgroup of G then
ranka−hyph ≤ ranka−hypg.
In particular, if H is closed and semisimple subgroup of G then the above condition
has to be satisfied.
Proof. The Lemma follows from equation (1) (in the proof of Theorem 8) and The-
orem 9.
Let EIV6 be a simply connected real Lie group corresponding to e
IV
6
Example 6. Lie group EIV6 does not admit G2, SO(2, 3), SO(2, 5), SO(2, 7) and
Sp(2,R) as closed subgroups.
We also have the following theorem.
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Theorem 11. Assume that G = EIV6 , SO
∗(6), SL(3,R) and H is a non-compact
subgroup of reductive type. Then G/H does not admit compact Clifford-Klein forms.
Proof. Note that ranka−hypg = 1. If ranka−hyph = 1 then G/H does not admit
Clifford-Klein forms. Consider the case ranka−hyph = 0. If G/H admitted compact
Clifford-Klein forms, then H would have compact center by Corollary 1 in [2]. But
the latter, together with vanishing ranka−hyph would imply rankRh = 0. Hence, H
would be compact, a contradiction.
Note that this property was already known for G = SL(3,R) (Prop. 1.10 in [16]).
Now we mention an observation with possible applications to symplectic topology.
It is based on the following result.
Theorem 12 ([10]). If X ∈ g is a semisimple element, then the semisimple orbit
G/ZG(X) ∼= Ad(G)(X) is a homogeneous space of reductive type, where
ZG(X) := {g ∈ G | Ad(g)X = X}.
The above property shows us an interesting method of checking if a given elliptic
orbit can be compactified.
Example 7. Every elliptic orbit of SL(4,R) with a non-compact isotropy subgroup
(with compact center) admits a discontinuous action of a non virtually-abelian dis-
crete subgroup (please refer to [4] for a classification of the isotropy subgroups of
elliptic orbits).
4 3-Symmetric spaces
Definition 5. A k-symmetric space is a triple (G,H, σ), where G is a connected Lie
group, H ⊆ G is a closed subgroup, and σ : G → G is an automorphism of G such
that:
1. σk = id and k ≥ 2 is the least integer with this property,
2. (Gσ)o ⊂ H ⊂ Gσ , where Gσ = {g ∈ G | σ(g) = g} , and (Gσ)o is the identity
component of Gσ.
Clearly, if k = 2 we get a class of symmetric spaces, that is, homogeneous spaces
generated by involutive automorphisms. For the general theory we refer to [13]. In
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this article we consider the case k = 3. Simply connected 3-symmetric spaces with
an effective action of G where classified by J. Wolf and A. Gray in [5] and [6]. Here
is their classification result (contained in Tables 7.11-7.14 in the cited paper).
Theorem 13 (Wolf and Gray). Let G/H be a simply connected coset space where G
is a connected Lie group acting effectively. Suppose h = gσ where σ is an automor-
phism of order 3 on g which does not preserve any proper ideals. Then G is reductive,
H is a closed reductive subgroup and Tables 7.11-7.14 in [6] give a complete list of
the possibilities (up to isomorphism).
Remark 1. Note that in [6] the authors use G∗ and K∗ instead of G and H .
As an application of Theorem 8 we give a list of simply connected and simple (i.e. G
is a simple Lie group) real 3-symmetric spaces M = G/H with an effective action of
G admitting discontinuous action of some non virtually-abelian, discrete subgroup
Γ ⊂ G. The table below lists all such spaces with only one exception:
M = SO(2k + 1, 2k + 1)/(U(1, 1)× SO(2k − 1, 2k − 1))
since this space does not fulfill any condition from Theorem 8. In this paper we will
not study if M admits or not non virtually-abelian discontinuous groups. To obtain
this list we take the classification of (non-compact) simply connected, 3-symmetric
spaces with an effective action ofG obtained in Theorem 13, choose the corresponding
pairs from Tables 7.11-7.14 in [6] and check case by case the a-hyperbolic ranks and
real ranks of g and h of every space listed there with simple G. We complete our
classification using Theorem 8.
Table 2. Non-compact, simple 3-symmetric spaces admitting a discontinuous
action of a non virtually-abelian discrete subgroup.
G H
SL(2n,R)/Z2 {SL(n,C)× T
1}/Zn
SO(2n+ 1− 2s− 2t, 2s+ 2t) U(a− s, s)× SO(2n− 2a+ 1− 2t, 2t)
1 ≤ a ≤ n, 2 ≤ 2s ≤ a
Sp(n,R)/Z2 {U(a− s, s)× Sp(n− a,R)}/Z2
1 ≤ a ≤ n, 2 ≤ 2s ≤ a
SO(2n− 2s− 2t, 2s+ 2t)/Z2 {U(a− s, s)× SO(2n− 2a− 2t, 2t)}Z2
1 ≤ a ≤ n, 0 ≤ 2s ≤ a, 0 ≤ 2t ≤ n− a, (s, t) 6= (0, 0)
SO∗(2n)/Z2 {U(a− s, s)× SO
∗(2n− 2a)}Z2
1 ≤ a ≤ n, 0 ≤ 2s ≤ a
G2 U(1, 1), SU(2, 1)
F I
4
{Spin(7− r, r)× T 1}/Z2, r = 2, 3
{Sp(3,R)× T 1}/Z2, {Sp(2, 1)× T
1}/Z2
{SU(3)× SU(2, 1)}/Z3 {SU(2, 1)× SU(2, 1)}/Z3
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Table 2. continuation
G H
EI6 {SL(3,C)× SU(2, 1)}/Z3
EII
6
{SO∗(10)× SO(2)}/Z2
{S(U(5− p, p)× U(1))× SU(2− s, s)}/Z2,
(s, p) = (0, 1), (0, 2), (1, 2)
{[SU(6− p, p)/Z3]× T
1}/Z2, p = 0, 2, 3
{[SO∗(8)× SO(2)]× SO(2)}/Z2
{[SO(6, 2)× SO(2)]× SO(2)}/Z2
{SU(2, 1)× SU(3)× SU(3)}/{Z2 × Z3}
{SU(2, 1)× SU(2, 1)× SU(2, 1)}/{Z2 × Z3}
EIII6 {S(U(5− p, p)× U(1))× SU(2− s, s)}/Z2,
(s, p) = (1, 0), (0, 1), (1, 1)
{[SU(5, 1)/Z3]× T
1}/Z2
EV
7
{EII
6
× T 1}/Z2, {SU(2)× [SO
∗(10)× SO(2)]}/Z2
{SU(1, 1)× [SO(6, 4)× SO(2)]}/Z2
{SO(2)× SO∗(12)}/Z2, {SO(2)× SO(6, 6)}/Z2
S(U(4, 3)× U(1))/Z4
{SU(3)× [SU(5, 1)/Z2]/Z3, {SU(2, 1)× [SU(3, 3)/Z2]/Z3
EVI
7
{EIII
6
× T 1}/Z2
{SU(2− p, p)× [SO(10− s, s)× SO(2)]}/Z2
(p, s) = (0, 2), (1, 2)
{SU(1, 1)× [SO∗(10)× SO(2)]}/Z2
S(U(7− s, s)× U(1))/Z4, s = 1, 2, 3
{SU(2, 1)× [SU(6)/Z2]/Z3, {SU(3)× [SU(4, 2)/Z2]/Z3
{SU(2, 1)× [SU(4, 2)/Z2]/Z3
EVII
7
{EIII
6
× T 1}/Z2
{SU(1, 1)× [SO(10)× SO(2)]}/Z2
{SU(2)× [SO∗(10)× SO(2)]}/Z2
{SO(2)× SO(10, 2)}/Z2
S(U(7− s, s)× U(1))/Z4, s = 1, 2
{SU(2, 1)× [SU(5, 1)/Z2]/Z3
EVIII8 SO(8, 6)× SO(2), SO
∗(14)× SO(2)
{EVI
7
× T 1}/Z2, {E
V
7
× T 1}/Z2
{SU(3)× EIII
6
}/Z3, {SU(2, 1)× E
II
6
}/Z3
{SU(8, 1)}/Z3, {SU(5, 4)}/Z3
EIX
8
SO(12, 2)× SO(2), SO∗(14)× SO(2) {EVII
7
× T 1}/Z2
{SU(2, 1)× E6}/Z3, {SU(2, 1)× E
III
6 }/Z3
{SU(3)× EII6 }/Z3, {SU(7, 2)}/Z3, {SU(6, 3)}/Z3
SO(4, 4) {SU(2, 1)}/Z3
Spin(5, 3) G2
Spin(4, 4) G2
16
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